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Shape quantum phase transition is an important and hot topic in nuclear structure. In this paper, we begin to
study the finite-N shape quantum phase transition in the SU3-IBM. In this new proposed model, new spherical-
like γ-soft spectra was found to resolve the spherical nucleus puzzle, which is a new γ-soft rotational mode.
In this paper, the shape phase transition along the new γ-soft line is first discussed, and then the neighbouring
case at the prolate side is also studied. Some key quantities are discussed. We find that double shape phase
transitions occur along a single parameter path. The new γ-softness is really a shape phase and the shape phase
transition from the new γ-soft phase to the prolate shape is found. The experimental supports are also found
and 108Pd may be the critical nucleus.
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I. INTRODUCTION1

Phase transitions are widely found in nature [1, 2]. A com-2

mon example is that, under standard atmospheric pressure,3

when the temperature rises, the ice becomes water and then4

water vapor. If the atmospheric pressure is raised to a certain5

level, the water and water vapor cannot be distinguished. In6

the field of atomic nuclei, nuclear shape can change when the7

number of the protons or neutrons varies, and shape quantum8

phase transition can occur [3–16]. Since this control parame-9

ter is discrete and finite, it becomes even more interesting to10

identify these phase transitions [17].11

The interacting boson model (IBM) was proposed by12

Arima and Iachello [18, 19], which is an influential algebraic13

model for describing the collective behaviors of nucleons. In14

the simplest case, only the s (L = 0) and d (L = 2) bosons15

are considered, and the Hamiltonian has the U(6) symmetry.16

There are four dynamical symmetry limits (see Fig. 1(a) left):17

(1) the U(5) symmetry limit can present the spherical shape18

and its vibration; (2) the SU(3) symmetry limit can describe19

the prolate shape and its rotation; (3) the O(6) symmetry limit20

can describe the γ-soft rotation; and (4) the SU(3) symmetry21

limit can present the oblate shape and its rotation [20].22

This simple model can describe the shape phase transitions23

between the spherical shape to various quadrupole deforma-24

tions or among different deformed shapes (see Fig. 1(a) left)25

[3–16]. In these studies, along a single parameter path, the26

shape of the nucleus changes only from one to another. Af-27

ter 2000, an important class of shape phase transition has28

attracted attentions and created controversies, which is the29

prolate-oblate shape phase transition [12, 20]. In previous30

IBM, the prolate-oblate shape phase transition is described31

via changing from the SU(3) symmetry limit to the SU(3)32
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symmetry limit, and the O(6) symmetry limit is just the first-33

order phase transitional critical point [20], which implies that34

the O(6) γ-softness is not a shape phase. In this description,35

the spectra of the prolate and oblate shapes are the same, and36

they are not found in realistic nuclei. In [21], for realistic nu-37

clei in the Hf-Hg region, the energy ratio E4/2 = E4+1
/E2+1

38

of the 4+1 and 2+1 states is 3.33 for the prolate shape while 2.5539

for the oblate shape (E4/2 is not related to the boson number40

N ). Thus this mirror symmetry appears not to exist.41

Recently, an extension of the interacting boson model with42

SU(3) higher-order interactions (SU3-IBM) was proposed43

[22, 23], which incorporates the idea of previous IBM and44

the SU(3) correspondence of the rigid triaxial shape [24–28].45

In this new model, the role of the SU(3) symmetry is raised46

to a new level, dominating all the quadrupole deformations of47

nuclei (see Fig. 1(a) right). It contains only the U(5) sym-48

metry limit and the SU(3) symmetry limit. In the SU(3) sym-49

metry limit, higher-order interactions are needed. The SU(3)50

second-order Casimir operator −Ĉ2[SU(3)] can present the51

prolate shape while the SU(3) third-order Casimir operator52

Ĉ3[SU(3)] can describe the oblate shape, which is very dif-53

ferent from the SU(3) description in previous IBM. The two54

interactions, together with the square of the SU(3) second-55

order Casimir operator Ĉ2
2 [SU(3)], can describe any rigid tri-56

axial shapes.57

Recently, this construction of the SU3-IBM is found58

to be strongly supported by the experimental results of59

the large-deformed nuclei 238U and 154Sm [29, 30], which60

found that the large-deformed nuclei previously thought61

to be prolate are in fact with small rigid triaxiality. This62

conclusion was proposed by Otsuka et al. [31–34]. Thus63

rigid triaxiality plays a more important role than previ-64

ously expected. Moreover in previous IBM, the simple65

model with up to second-order interactions can not de-66

scribe the rigid triaxial rotor [35]. In the simplest IBM-67

1 without distinguishing protons and neutrons, if con-68

sidering the rigid triaxiality, the higher-order interac-69

tions should be contained. However the 6-d interaction70

[d†d†d†](L) · [d̃d̃d̃](L) proposed in [36] can not describe the71
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Fig. 1. (a) left represents the phase diagram of previous IBM [3]
while (a) right represents the phase diagram of the Ĥ in the SU3-
IBM [61]. In (b) the real blue and real red lines are two evolutional
paths discussed in this paper. Along the real red line, the double
shape phase transitions can occur.

small rigid triaxiality. SU(3) symmetry can provide a uni-72

fied description for any rigid triaxiality [24–28], thus the73

SU3-IBM seems to be very reasonable. Recently the small74

rigid triaxialities in 154Sm and 166Er have been realized75

by the SU3-IBM successfully [37, 38].76

The SU3-IBM can be also used to explain the B(E2)77

anomaly [39–42] with higher-order interactions [22, 43–55],78

to resolve the Cd puzzle [56–58] with the newly proposed79

new spherical-like γ-soft spectra [23, 59, 60], to describe80

the prolate-oblate asymmetric shape phase transition [61–64],81

to describe the γ-softness in 196Pt at a better level [65], to82

describe the E(5)-like spectra in 82Kr [66], and to verify the83

boson number odd-even effect in 196−204Hg [67] which was84

observed in [62]. Together these results reveal that, the SU3-85

IBM can better describe the collective behaviors in nuclei.86

Thus investigating the shape phase transition in the SU3-87

IBM is also important. In the SU3-IBM, for resolving the88

Cd puzzle in Cd nuclei and other nuclei previously thought89

to be spherical [56–58], the new spherical-like γ-soft nu-90

cleus was proposed [23], which is a new collective excita-91

tion and has been verified in realistic nuclei recently [59, 60].92

The 108−120Cd and the 106Pd all have the spherical-like93

spectra. This new shape was not mentioned by previous nu-94

clear theories. Moreover the prolate-oblate asymmetric shape95

phase transition in the Hf-Hg region can be better described96

by the SU3-IBM [63], and recently the large-deformed97

nuclei have been verified to have small rigid triaxiality98

[29, 30]. These unexpected new studies imply that real-99

istic nuclei can show more complex shape phase transition100

behaviors, which may be described by the SU3-IBM. So it101

becomes even more important to study the characteristics of102

shape phase transitions in the SU3-IBM to help us understand103

the shape phase transition of actual nuclei.104

This is the first paper on this topic, and the simplest for-105

malism is discussed [23], whose large-N limit has been106

clarified [61], see Fig. 1(a) right. In the SU3-IBM, the ex-107

istence of the new spherical-like γ-soft spectra is the most108

important feature. We study the shape phase transitions from109

this new collectivity. This has been first discussed in [23] for110

small boson number N = 7. In this paper, we discuss them111

with N = 60 for the ground state and N = 35 for the excited112

states. This evolutional path can be represented by the real113

blue line in Fig. 1(b) from the U(5) symmetry limit to the114

SU(3) degenerate point. In this paper, the nearby evolutional115

path (denoted by the real red line) is also discussed, and we116

find that, along the real red line, double shape quantum phase117

transitions can occur. The first is from the spherical shape to118

the new γ-soft rotation, and the second is from the new γ-119

soft mode to the prolate shape. Here the new γ-softness is120

really a shape phase, which is different from the O(6) critical121

γ-softness. The experimental results supporting this new122

shape phase transition are also shown, and it is found that123

108Pd may be the critical nucleus. These results look more124

realistic and very meaningful.125

II. HAMILTONIAN126

The simplest Hamiltonian for describing the shape phase127

transition related to the new spherical-like γ-softness in the128

SU3-IBM is as follows [23, 63]129

Ĥ = c[(1− η)n̂d + η(− Ĉ2[SU(3)]
2N

+ κ
Ĉ3[SU(3)]

2N2
)], (1)130

where η, κ are two controlling parameters and c is the en-131

ergy scale parameter. 0 ≤ η ≤ 1 and κ ≥ 0. If η = 0, it132

presents the spherical shape. If η = 1 and κ = 0, it describe133

the prolate shape. The two cases are the same as the ones134

in previous IBM [16]. If η = 1 and κ varies, this Hamilto-135

nian describes the prolate-oblate shape phase transition [62],136

which is a finite-N effect.137

Fig. 1(a) left shows the phase diagram of previous IBM in138

the large-N limit [3]. Above the real green line, the spheri-139

cal shape exists, and under the real green line, the deformed140

shapes exist. The deformed region is divided by the real blue141
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line which is part of the connected line between the U(5)142

symmetry limit to the O(6) symmetry limit. The left part of143

the blue line presents the prolate shape while the right part144

presents the oblate shape. The blue line is the critical line145

between the prolate and oblate shapes. The crossover point146

of the green line and the blue line is the triple point with the147

spherical, prolate and oblate shapes [68, 69]. Obviously, the148

O(6) γ-softness is not a shape phase. A detailed study on149

the shape phase transitions in previous IBM can be seen150

in [16]. Up to two-body interactions, the IBM can not de-151

scribe the rigid triaxial shapes [35].152

The phase diagram of Ĥ in the large-N limit was first dis-153

cussed in [61], see Fig. 1(a) right (or see Fig. 14 in [61]).154

The key difference between the SU3-IBM and previous IBM155

is to use the SU(3) third-order Casimir operator Ĉ3[SU(3)]156

instead of the SU(3) symmetry limit to describe the oblate157

nuclei. Above the real green line, the spherical shape exists.158

Under the real green line, the deformed shapes exist. For the159

deformed region, the phase diagram becomes more compli-160

cated than the ones in previous IBM [61]. From the SU(3)161

prolate to the SU(3) oblate, there exists a SU(3) degenerate162

point (the blue point). At the SU(3) prolate side of the degen-163

erate point, the shape of the ground state is always the prolate164

shape, and at the SU(3) oblate side of the degenerate point,165

it is always oblate. Thus across the SU(3) degenerate point,166

the shape changes abruptly. For small N the prolate shape167

can exist near the new spherical-like γ-soft phase. In pre-168

vious IBM, this is impossible for small N (this will be dis-169

cussed in next paper [70]). This finite-N first-order shape170

phase phase transition was studied in [62]. Connected with171

the SU(3) degenerate point, in the middle of the deformed re-172

gion, there exists a narrow region with rigid triaxial shapes,173

see the region between the two blue lines in Fig. 1(a) right.174

At the left side of the narrow region, the prolate shape exists,175

while at the right side, the oblate shape exists. Thus along the176

dashed blue line in Fig. 1(a) right, the shape changes from the177

prolate to the oblate via a narrow region with rigid triaxiality178

[61]. Although the rigid triaxial region is narrow, the rigid179

triaxial shape really exists. The crossover point between the180

green line and the two blue lines is a fourfold point.181

Ref. [23] found an important result. For finite-N , the182

rigid triaxial shape becomes the new spherical-like γ-soft ro-183

tational mode. The rigid triaxiality can only exist in the184

large-N limit. This new γ-softness is a shape phase and not185

a critical phenomenon. Along the dashed blue line in Fig.186

1(a) right, the shape changes from the prolate to the new γ-187

soft, and then to the oblate, which was used to describe the188

prolate-oblate asymmetric shape phase transition in the Hf-189

Hg region [63].190

In [23], the real blue line in Fig. 1(b) is a critical line be-191

tween the prolate shape and the new γ-soft rotation in the de-192

formed region, along which the 4+1 , 2+2 states are degenerate193

and 6+1 , 4+2 , 3+1 and 2+3 states are also degenerate. However194

for large-N , this critical line is actually a curve and curves195

to the left. Thus for large-N , the critical line can not be de-196

scribed by the real blue line [65]. At the right side of the197

degenerate line, there exists another line, along which the198

4+1 , 2+2 states are also degenerate [65]. Between the two de-199

generate lines of the 4+1 , 2+2 states, it was supposed that the200

new spherical-like γ-softness exists, however in this paper201

it is shown that this new spherical-like γ-soft region may202

be larger, which is unexpected. And importantly we find that203

double shape quantum phase transition can be observed along204

a single parameter path.205

In this paper, the shape phase transition along the real blue206

line is studied, and not stress the degenerate line, which is dif-207

ficult to discuss. The SU(3) degenerate point is at κ0 = 3N
2N+3208

and the red point is at 0.9κ0. Through previous analysis, the209

red point presents the prolate shape. This is very interest-210

ing. For the real red line from the U(5) symmetry limit to the211

red point, intuitively, the shape changes from the spherical212

shape to the prolate. Through later numerical calculations,213

we find that this shape transition is not direct but through the214

new spherical-like γ-soft region, and the double shape quan-215

tum phase transition can occur. The right part of the real blue216

line is not discussed in this paper, and will be studied in next217

paper for investigating the scope of the new spherical-like218

γ-soft region.219

The differences between the O(6) γ-softness and the220

new spherical-like γ-softness should be clarified here. For221

the two γ-soft rotation, the B(E2) values are very similar222

[23], so in [71], this new spherical-like γ-softness was mis-223

understood as the previous O(6) γ-softness. (A detailed224

comparison on the B(E2) values will be discussed in fu-225

ture.) The significant differences can be found in the en-226

ergy spectra of the two γ-softness [23, 60]. For the O(6)227

γ-softness, the two 4+1 , 2+2 states are nearly degenerate228

while for the new γ-softness, the three 4+1 , 2+2 , 0+2 states229

are nearly degenerate. This feature is similar to the ones230

in the spherical spectra, so this new γ-softness is called231

spherical-like. There are also different degeneracies in232

higher energy levels. For the O(6) γ-softness, the four 6+1 ,233

4+2 , 3+1 , 0+2 states are nearly degenerate while for the new234

γ-softness, the four 6+1 , 4+2 , 3+1 , 2+3 states are nearly de-235

generate. In the spherical spectra, the five 6+1 , 4+2 , 3+1 ,236

2+3 , 0+3 states are nearly degenerate, so in the new γ-soft237

spectra, there is no 0+3 state near the four 6+1 , 4+2 , 3+1 , 2+3238

degenerate states, which is the most important feature.239

It is important to emphasize here why the O(6) γ-softness240

in previous IBM and actual γ-soft nuclei do not match. In241

actual nuclei, there exists many nuclei in the γ-soft region,242

such as Os, Pt, Xe, Ba nuclei [72], so it is hard to believe that243

this is just the O(6)-softness in previous IBM, a critical point244

of shape phase transition. In the SU3-IBM, such a concep-245

tual conflict does not exist. We believe that the shape phase246

transition given by the SU3-IBM is an accurate description of247

the realistic shape phase transitions in nuclei. This point has248

been preliminarily confirmed by the prolate-oblate asymmet-249

ric shape phase transition in the Hf-Hg region [63].250

For understanding the B(E2) anomaly, the B(E2) values251

are necessary. The E2 operator is defined as252

T̂ (E2) = qQ̂, (2)253

where q is the boson effective charge. The evolutions of254

B(E2; 2+1 → 0+1 ), B(E2; 4+1 → 2+1 ), B(E2; 2+2 → 2+1 ),255

B(E2; 0+2 → 2+1 ) values are discussed.256
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III. DOUBLE SHAPE QUANTUM PHASE TRANSITION257

A. Ground state258

Shape quantum phase transition is first manifested by the259

energy evolution of the ground state. This is not an observable260

quantity, but very useful for understanding the shape quan-261

tum phase transition. Fig. 2(a) shows the energy evolution262

of the ground state of Ĥ along the real blue line in Fig. 1(b)263

for N = 10 (dashed blue line) and for N = 60 (real blue264

line). Clearly, around η = 0.2 (denoted by the left dashed265

line), the shape phase transition from the spherical to the new266

spherical-like γ-soft occurs. Between η = 0.2 and η = 1,267

the new spherical-like γ-softness exists. η = 0.5 is the typ-268

ical position to study the Cd and Pd nuclei. It should be269

noted that the SU(3) degenerate point is not γ-soft.270

Fig. 2(a) also shows the energy evolution of the ground271

state of Ĥ along the real red line in Fig. 1(b) for N = 10272

(dashed red line) and for N = 60 (real red line). For N = 60,273

it is shown that, around η = 0.5 (denoted by the middle274

dashed line), a new shape phase transition appears. The part275

of the real red line deviating from the real blue line is promi-276

nent, which has a steeper descent. Between η = 0 and277

η = 0.2, there is the spherical shape, and between η = 0.5278

and η = 1, there is the prolate shape. Obviously, between the279

two shapes, the new spherical-like γ-softness exists. When280

κ changes from κ0 to 0.9κ0, the new spherical-like γ-soft281

region reduces, but it does exist, see Fig. 1(b). In next paper282

[70], the shape phase transitions in the whole parameter283

regions will be discussed, it can show that, when κ reduces284

from κ0 to 0, the new spherical-like γ-soft region will re-285

duce to zero too, see Fig. 1(b). At the left side of the blue286

line, for finite-N , there also exists a new spherical-like γ-287

soft region.288

A key point is that, between η = 0.2 and η = 0.5, the red289

and blue lines are nearly degenerate, so when κ changes from290

κ0 to 0.9κ0, the energies of the new spherical-like γ-softness291

are nearly the same and do not reduce. This implies that,292

the new spherical-like γ-softness is really a shape phase.293

Thus along the left real red line, double shape quantum phase294

transition can occur. This can not occur for the shape phase295

transition along the real blue line and in previous IBM. It296

should be noted that despite the parameter variation from297

κ0 to 0.9κ0 is small, the shape phase transitions along the298

blue line and the red line exhibit significant changes when299

η > 0.5. The reason is that, even at finite-N , the prolate300

shape is near the new spherical-like γ-soft region.301

In this paper, when N increases to 35, the critical value302

of η is kept at 0.5 when κ = 0.9κ0. In the large-N limit,303

κ0 = 1.5, the critical line can curve to the left, and κ ≈304

1.32 when η = 0.5, which is nearly 0.88κ0 [61]. Thus I305

can guess that, this critical point η = 0.5 when κ = 0.9κ0306

should remain unchanged when N changes from small to307

infinity, which will be also discussed in next paper [70].308

Some details need further elaboration. For N = 10, the309

real blue line in Fig. 1(b) is nearly the critical line with the310

4+1 , 2+2 degeneracy. For N = 35, the critical line curves311
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Fig. 2. (a) The energy evolution of the ground state of Ĥ along
the real blue (red) line in Fig. 1(b) for N = 10 (dashed blue (red)
line) and for N = 60 (real blue (red) line). (b) The n̄d evolution of
the ground state of Ĥ along the real blue (red) line in Fig. 1(b) for
N = 10 (dashed blue (red) line) and for N = 60 (real blue (red)
line).

to the left, so the new shape phase transition becomes more312

prominent.313

In previous IBM, similar result of the ground energy evo-314

lution along the real blue line can be also obtained along the315

evolution path from the U(5) symmetry limit to the O(6) sym-316

metry limit. If the O(6) symmetry limit is the prolate-oblate317

critical point, the connected line in the deformed region be-318

tween the U(5) symmetry limit and the O(6) symmetry limit319

is a prolate-oblate critical line. When deviating from the crit-320

ical line, the energies of the deformed region reduce, large321

change is impossible for finite-N , and the double shape322

phase transitions can not be observed [16]. This is a fun-323

damental difference between the SU3-IBM and previous324

IBM, which can not be clearly observed in the large-N325

limit.326
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The mean value of the d boson number in the ground state327

n̄d is also important. Fig. 2(b) shows the n̄d evolution along328

the real blue line in Fig. 1(b) for N = 10 (dashed blue line)329

and N = 60 (real blue line). The phase transition behaviors330

from the spherical to the new spherical-like γ-soft across η =331

0.2 is clear. Fig. 2(b) also shows the n̄d evolution along the332

real red line in Fig. 1(b) for N = 10 (dashed red line) and333

N = 60 (real red line). The double shape quantum phase334

transitions are also clear. When η > 0.5, the two red lines are335

deviated from the two blue lines obviously. And importantly336

between η = 0.2 and η = 0.5 the red and blue lines are nearly337

degenerate for N = 10 and N = 60. The new spherical-like338

γ-soft phase really exists.339

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8
 

 

(ra
d)

Fig. 3. The γ̄ evolution of the ground state of Ĥ along the real
blue (red) line in Fig. 1(b) for N = 10 (dashed blue (red) line)
and for N = 60 (real blue (red) line).

The mean value of the deformation parameter γ̄ in the340

ground state is also studied, which can be in fact ob-341

served by experiments now [29, 30]. For any SU(3) irre-342

ducible representation (λ, µ), the corresponding γ value343

is γ = tan−1
√
3(µ+1)

2λ+µ+3 . The γ̄ value is the average of the344

γ value of the whole possible irreducible representations345

[73]. Fig. 3 depicts the γ̄ evolution along the real blue line346

in Fig. 1(b) for N = 10 (dashed blue line) and N = 60347

(real blue line). The phase transition behaviors from the348

spherical to the new γ-soft across η = 0.2 is clear. Fig.349

3 also depicts the γ̄ evolution along the real red line in350

Fig. 1(b) for N = 10 (dashed red line) and N = 60351

(real red line). The double shape quantum phase tran-352

sitions are also clear. An important discovery is that,353

the two evolutional trends are opposite for small N when354

η > 0.2. If κ = κ0, the γ̄ value increases slightly while if355

κ = 0.9κ0, the γ̄ value decreases prominently. We expect356

these unique trends can be verified in future experiments357

[29, 30] with 108−114Cd and 104−110Pd.358

B. Excited states359

Now we discuss some other observable quantities, such360

as the excited energies, the B(E2) values, and the electric361

quadrupole moment of the 2+1 state. Previous discussions can362

help us confirm that the double shape quantum phase transi-363

tions do exist. These observable quantities can further help364

us find them experimentally.365
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Fig. 4. (a) The evolutional behaviors of the partial low-lying lev-
els as a function of η for N = 10 along the real blue line in Fig.
1(b); (b) The evolutional behaviors of the B(E2; 2+1 → 0+1 ) (black
line), B(E2; 4+1 → 2+1 ) (blue line), B(E2; 2+2 → 2+1 ) (red line),
B(E2; 0+2 → 2+1 ) (green line) along the real blue line in Fig. 1(b).

We first study the shape phase transition along the real blue366

line in Fig. 1(b) from the U(5) symmetry limit to the SU(3)367

degenerate point. This study has been performed in [23] for368

N = 7. Here the evolutional behaviors of the partial low-369

lying states for N = 10 are shown in Fig. 4(a). The 4+1 and370

2+2 states are nearly degenerate. η = 0.5 presents the typi-371

cal spherical-like γ-soft spectra, in which the energy of the372

0+3 state is nearly twice the one of the 0+2 state. The new373
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spherical-like γ-soft spectra was confirmed in 106Pd recently374

[60]. Thus the shape phase transition discussed in this pa-375

per can be found in Pd nuclei. Fig. 4(b) shows the evolu-376

tional behaviors of the B(E2) values of the B(E2; 2+1 → 0+1 ),377

B(E2; 4+1 → 2+1 ), B(E2; 2+2 → 2+1 ), B(E2; 0+2 → 2+1 )378

along the real blue line in Fig. 1(b). The results are similar379

to the evolutions from the U(5) symmetry limit to the O(6)380

symmetry limit [23].381
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Fig. 5. (a) The evolutional behaviors of the partial low-lying lev-
els as a function of η for N = 35 along the real blue line in Fig.
1(b); (b) The evolutional behaviors of the B(E2; 2+1 → 0+1 ) (black
line), B(E2; 4+1 → 2+1 ) (blue line), B(E2; 2+2 → 2+1 ) (red line),
B(E2; 0+2 → 2+1 ) (green line) along the real blue line in Fig. 1(b).

Fig. 5(a) presents the evolutional behaviors of the par-382

tial low-lying states for N = 35 along the real blue line in383

Fig. 1(b), which is a new result. The shape phase transi-384

tion from the spherical shape to the new γ-soft rotation be-385

comes more prominent. When η > 0.2, the 4+1 and 2+2 states386

begin to separate because the degenerate line curves to the387

left. Besides, the level-anticrossing of the 0+2 , 0+3 , 0+4 states388

becomes more clear [55, 74, 75]. Fig. 5(b) shows the evolu-389

tional behaviors of the B(E2) values of the B(E2; 2+1 → 0+1 ),390

B(E2; 4+1 → 2+1 ), B(E2; 2+2 → 2+1 ), B(E2; 0+2 → 2+1 )391

along the real blue line in Fig. 1(b). The shape phase tran-392

sition becomes more clear. When N increases, the values of393

B(E2; 2+2 → 2+1 ), B(E2; 0+2 → 2+1 ) becomes smaller.394
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Fig. 6. (a) The evolutional behaviors of the partial low-lying lev-
els as a function of η for N = 10 along the real red line in Fig.
1(b); (b) The evolutional behaviors of the B(E2; 2+1 → 0+1 ) (black
line), B(E2; 4+1 → 2+1 ) (blue line), B(E2; 2+2 → 2+1 ) (red line),
B(E2; 0+2 → 2+1 ) (green line) along the real red line in Fig. 1(b).

Now we discuss the double shape phase transitions along395

the real red line in Fig. 1(b). Fig. 6(a) presents the evolutional396

behaviors of the partial low-lying states for N = 10. Between397

the η = 0.2 and η = 0.5, the 4+1 and 2+2 are nearly degener-398

ate, and the spectra are also similar to the new spherical-like399

γ-soft spectra, so this is the new spherical-like γ-soft phase.400

When η > 0.5, obviously it is the prolate shape. In Fig.401

7(a) the case of N = 35 is shown and the shape phase transi-402

tion from the new spherical-like γ-soft rotation to the prolate403

shape becomes very prominent. Thus κ = 0.9κ0 and η = 0.5404

is the phase transition critical point.405
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Fig. 7. (a) The evolutional behaviors of the partial low-lying lev-
els as a function of η for N = 35 along the real red line in Fig.
1(b); (b) The evolutional behaviors of the B(E2; 2+1 → 0+1 ) (black
line), B(E2; 4+1 → 2+1 ) (blue line), B(E2; 2+2 → 2+1 ) (red line),
B(E2; 0+2 → 2+1 ) (green line) along the real red line in Fig. 1(b).

In previous IBM, the O(6) γ-softness is the shape phase406

transition critical point from the prolate shape to the oblate407

shape, so it is not a shape phase. There is no shape phase408

transition from the O(6) symmetry limit (γ-soft rotation) to409

the SU(3) symmetry limit (prolate shape). In the SU3-IBM,410

the new γ-softness is a shape phase and the shape phase tran-411

sition from the new spherical-like γ-soft phase to the prolate412

shape really exists.413

Fig. 6(b) and Fig. 7(b) present the evolutional behaviors of414

the B(E2) values of the B(E2; 2+1 → 0+1 ), B(E2; 4+1 → 2+1 ),415

B(E2; 2+2 → 2+1 ), B(E2; 0+2 → 2+1 ) for N = 10 and N =416

35. The double shape phase transitions are also clear. Across417

η = 0.5, the value of B(E2; 0+2 → 2+1 ) increases first, and418

then decreases, which can not be found in Fig. 4(b) and Fig.419

5(b).420

We look for some experimental evidences for the existence421
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Fig. 8. (a) The E4/2 evolution along the real blue (red) line in
Fig. 1(b) for N = 10 (dashed blue (red) line) and for N = 35
(real blue (red) line); (b) Different evolutional trends of the E4/2

values of 108−114Cd and 104−110Pd.

of the shape phase transition from the new spherical-like422

γ-soft phase to the prolate shape. In previous IBM, the423

E4/2 = E4+1
/E2+1

value is often used to discuss various424

shape phase transitions [16]. In the U(5) symmetry limit,425

this value is 2. In the SU(3) symmetry limit, it is 10/3 while426

in the O(6) symmetry limit, it is 2.5. Fig. 8(a) displays the427

E4/2 evolutional behaviors along the real blue (red) line428

in Fig. 1(b) for N = 10 and N = 35. For small N , when429

κ = κ0, this value can increase first and then decrease,430

which is very interesting. When κ = 0.9κ0, this value431

only increases. Thus the SU3-IBM can show two differ-432

ent evolutional trends within a parameter interval, see the433

two black circles. Fig. 8(b) shows the different evolutional434

trends of the experimental E4/2 values of 108−114Cd and435

104−110Pd, which can be verified by the theory. Due to the436

deviation of the critical line with the 4+1 and 2+2 degen-437

eracy, this signature seems to be sensitive to N . For the438
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Fig. 9. (a) The J(4) evolution along the real blue (red) line in
Fig. 1(b) for N = 10 (dashed blue (red) line) and for N = 35
(real blue (red) line); (b) Different evolutional trends of the J(4)
values of 108−114Cd and 104−110Pd.

Pd nuclei, across 108Pd, the degree of increasing becomes439

larger, so 108Pd may be the critical nucleus.440

The staggering parameter in γ band energies J(4) =441

(E4+1,γ
+ E2+1,γ

− 2E3+1,γ
)/E2+1,g

is also a useful signature.442

E2+1,γ
, E3+1,γ

, E4+1,γ
are the energies in γ band while E2+1,g

443

is the energy of the first 2+1 state in the ground band. The444

energy evolutions of the 3+1 state are shown in Fig. 4(a)-445

7(a), which is nearly degenerate with the 4+2 state and the446

signature of the shape phase transition is not clear. Fig.447

9(a) displays the J(4) evolutional behaviors along the real448

blue (red) line in Fig. 1(b) for N = 10 and N = 35.449

We find prominent feature. If κ = κ0, the J(4) value de-450

creases first and then increases. At this turning point, if451

κ = 0.9κ0, the J(4) value still decreases, see the two black452

circles. Fig. 9(b) presents the experimental J(4) evolu-453

tions of 108−114Cd and 104−110Pd. It is prominent that454

the turning point is at 112Cd, and at this point, it corre-455

sponds to 108Pd. Due to the deviation of the critical line,456

this turning point seems to be sensitive to N . The SU3-457

IBM can reproduce the turning feature, which can prove458

the validity of our idea.459
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Fig. 10. (a) The B4/2 evolution along the real blue (red) line in
Fig. 1(b) for N = 10 (dashed blue (red) line) and for N = 35
(real blue (red) line); (b) Evolutional trends of the experimental
B4/2 values of 108−114Cd and 104−110Pd.

B4/2 = B(E2; 4+1 → 2+1 )/B(E2; 2+1 → 0+1 ) is also a460

shape phase transition signature usually used. Fig. 10(a)461

shows the B4/2 evolutional behaviors along the real blue462

(red) line in Fig. 1(b) for N = 10 and N = 35. In the de-463

formed region η > 0.2, the phase transition is not so clear,464

which is around 1.5. Fig. 10(b) presents the experimen-465

tal B4/2) evolutions of 108−114Cd and 104−110Pd, which is466

also around 0.5. Due to large errors, this signature is also467

unclear.468

In this paper, B2/2 = B(E2; 2+2 → 2+1 )/B(E2; 2+1 →469

0+1 ) is also discussed. Fig. 11(a) shows the B2/2 evolu-470

tional behaviors along the real blue (red) line in Fig. 1(b)471

for N = 10 and N = 35. In the deformed region around472
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Fig. 11. (a) The B2/2 evolution along the real blue (red) line in
Fig. 1(b) for N = 10 (dashed blue (red) line) and for N = 35
(real blue (red) line); (b) Evolutional trends of the experimental
B2/2 values of 108−114Cd and 104−110Pd.

η = 0.5, they show decreasing behaviors. Fig. 11(b)473

presents the experimental B2/2) evolutions of 108−114Cd474

and 104−110Pd, which increases first and then deceases at475

108Pd. Thus the evolutions of B2/2 in realistic nuclei can476

not be reproduced by the simple theory. This may be due477

to the lack of the SU(3) higher-order interactions, which478

can affect the new spherical-like γ-soft rotation [59, 60].479

In the previous analysis, we see that, from the new480

spherical-like γ-soft phase to the prolate shape, the value of481

B(E2; 0+2 → 2+1 ) increases first, and then decreases. Here482

we define B0/2 = B(E2; 0+2 → 2+1 )/B(E2; 2+1 → 0+1 ).483

Fig. 12(a) shows the B0/2 evolutional behaviors along the484

real blue (red) line in Fig. 1(b) for N = 10 and N = 35.485

When κ = 0.9κ0, it clearly shows a phase transition sig-486

nature near η = 0.5 that increases first and then decreases.487

When κ = κ0, this feature can not appear. Fig. 12(b)488

presents the experimental B0/2 evolution of 104−110Pd and489
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Fig. 12. (a) The B0/2 evolution along the real blue (red) line in
Fig. 1(b) for N = 10 (dashed blue (red) line) and for N = 35
(real blue (red) line); (b) Evolutional trends of the experimental
B0/2 values of 104−110Pd.

obviously it is clearly in line with the theoretical prediction.490

Thus 104,106Pd are two typical new γ-soft nuclei [60] and491

108Pd may be a critical nucleus from the new spherical-like492

γ-soft phase to the prolate shape. However for finite-N , the493

new spherical-like γ-soft spectra and the critical spectra may494

be not distinguished [60]. A detailed discussions on the prop-495

erties of 104−110Pd will be given in future.496

In [59], the evidence confirming the existence of a new497

spherical-like γ-soft spectra was found, which is the anoma-498

lous evolutional trend of the electric quadrupole moments of499

the first 2+1 states Q2+1
in Cd nuclei. Now we further study this500

interesting phenomenon. Fig. 13(a) shows the evolutional be-501

haviors of the Q2+1
values along the real blue (red) line in Fig.502

1(b) for N = 7, N = 10 and N = 35. Along the real red line503

in Fig. 1(b), the double shape phase transitions can be clearly504

observed. The key result is the different evolutional trends of505

the two parameter paths. The blue one is anomalous. When506
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Fig. 13. (a) The Q
2+1

evolution along the real blue (red) line in
Fig. 1(b) for N = 7 (dotted blue (red) line), N = 10 (dashed
blue (red) line) and N = 35 (real blue (red) line); (b) Different
evolutional trends of the experimental Q

2+1
values of 108−114Cd

and 104−110Pd.

N increases, the value evolves to the oblate side. The red507

line is just opposite. When N increases, its magnitude in-508

creases too if η ≥ 0.5. These different evolutional trends509

are unique [60]. These trends are similar to the ones of the510

γ̄ value. Fig. 13(b) shows the different evolutional trends of511

the experimental Q2+1
values of 108−114Cd and 104−110Pd.512

For Cd nuclei, the magnitude of the Q2+1
value decreases513

slightly while for Pd nuclei the magnitude of the value514

increases prominently, which are nearly the same as the515

ones in theoretical results within 0.2 < η < 0.6. This516

feature was first observed in [59], and can be regarded as517

the strong support for the existence of the new spherical-like518

γ-soft spectra. The discussions in this paper further support519

this conclusion and is an indirect experimental support for the520

existence of the shape phase transition.521

It should be noted that this double shape quantum phase522

transitions cannot be verified directly. In the last two decades,523

the experimental discovery that nuclei previously thought to524

be spherical cannot be confirmed to be spherical is a break-525

through in the field of nuclear structure [58]. If the spherical526

nucleus is absent, it is difficult to confirm the shape phase527

transition from the spherical shape to the new γ-soft phase.528

In our discussion, we also found that the spherical nucleus529

and the critical nucleus at η = 0.2 are also difficult to be dis-530

tinguished, which can help us further discuss those nuclei that531

look like spherical.532

IV. DISCUSSIONS533

The 0+2 state in the new spherical-like γ-soft spectra is534

similar to the one in the spherical spectra, so the B0/2 crit-535

ical feature can be also found in the shape phase transi-536

tion from the spherical shape to the prolate shape [15, 16].537

However this feature can be only found in realistic nuclei538

with large deformation, which is unexpected to be found539

in Pd nuclei. For Pd nuclei, in previous IBM, if the shape540

phase transition exists, it should be described by the shape541

phase transition from the spherical shape to the O(6) γ-542

soft rotation, such as the descriptions in Xe, Ba nuclei.543

In previous nuclear structure researches, no one believed544

that Pd nuclei would be related with the prolate shape.545

Thus, in previous opinions, this feature is impossible in546

Pd nuclei. In [16], an opposite trend can be found. This547

feature found in realistic Pd nuclei is very important for548

the verification of the new shape phase transition and the549

SU3-IBM.550

In this paper, the shape phase transition of the simplest551

SU3-IBM is discussed, thus only the most robust signa-552

tures can be observed. In [59, 60], it revealed that the553

other SU(3) higher-order interactions are also needed for554

a better fitting effect. These interactions are small for Cd,555

Pd nuclei, but they can also affect some quantities greatly.556

Although there are some deficiencies in details, the dis-557

cussions in this paper are still very important, and they558

give the main evolutional ways. In previous studies on the559

transition from the prolate shape to the oblate shape [63],560

the same simple hamiltonian was employed. Despite its561

simplicity, it still clearly revealed the shape asymmetry−a562

phenomenon that could not be explained by earlier IBM563

models, including the IBM-2 that distinguishes protons564

and neutrons.565

The phase diagram of the IBM-2 has been discussed in566

[76–78]. In this extended model, the γ-softness is still the567

O(6) style, the spectra of the prolate shape and the oblate568

shape are still the same, and small rigid triaxiality can569

not be realized. In this model, different from the IBM-1,570

the rigid triaxiality with γ = 30◦ can be obtained, and571

the phase transition from the prolate shape to this rigid572

triaxial shape with γ = 30◦ can be studied.573

The main reason for the nonexistence of the phonon ex-574

citations in Cd nuclei results from the impossibility of ex-575

plaining the new spectra with the IBM-2 [71]. In [60],576
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it was found that the spectra in 106Pd can be better ex-577

plained by the SU3-IBM, rather than the IBM-2. The key578

feature that there is no the 0+3 state near the four 6+1 , 4+2 ,579

3+1 , 2+2 states can not be described by the IBM-2, which580

is the fundamental reason. Thus the shape phase transi-581

tion from the new spherical-like γ-soft phase to the pro-582

late shape can not be realized by the IBM-2 with up to583

two-body interactions except for the introduction of the584

higher-order interactions.585

In previous IBM, the Pd nuclei are usually discussed586

with the shape phase transition from the U(5) symme-587

try limit to the O(6) symmetry limit, and 108Pd is found588

to be a E(5) critical nucleus [79–81]. In previous IBM,589

the γ-soft nucleus can not be related to the prolate shape.590

Thus it is very interesting to compare the results in this591

paper withe the E(5) critical symmetry in 108Pd. (This592

will be done in future) Moreover, Ref. [82] found that593

the 102Pd may be also the E(5) critical nucleus, thus the594

four 102,104,106,108 may be all the E(5) nuclei [83]. This595

conclusion seems unrealistic. However this seems to fit596

the double quantum phase transition discussed in this pa-597

per. 104,106Pd are the new spherical-like γ-soft nuclei, and598

108Pd is the critical nucleus from the new spherical-like599

γ-soft phase to the prolate shape. And interestingly the600

102Pd may be the critical nucleus from the spherical shape601

to the new spherical-like γ-soft phase, which will be inves-602

tigated in future. If so, our theory will be further sup-603

ported.604

In this paper, some critical quantities are discussed,605

such as E4/2, J(4), B0/2 and Q2+1
. When fitting 104−110Pd,606

other SU(3) higher-order interactions are needed, and607

these quantities can fit well quantitatively. Especially the608

quadrupole moments of the 2+1 , 4+1 , 6+1 and 2+2 states609

need further investigation. In [60], the magnitude of610

the quadrupole moment of the first 4+ state in 108Pd is611

smaller than the ones in adjacent nuclei 106Pd and 110Pd,612

which can not be explained by the simple SU3-IBM dis-613

cussed here. We expect that it can be resolved in future.614

In Cd nuclei, the large quadruple moments of the first 2+615

state need configuration mixing calculation [59].616

Last, when fitting the experimental data in 104−110Pd617

and 108−114Cd, only the small N values are relevant.618

Large-N calculation aims to reveal the critical behaviors,619

which helps us to determine that the new phase transition620

is indeed present. Due to the deviation of the critical line621

[65], some critical quantities seems to be related to N , but622

it is a false appearance. This will be discussed in next pa-623

per for the whole parameter regions will be studied, and624

many details will be clearer.625

V. CONCLUSION626

Based on the existence of the new spherical-like γ-soft627

spectra [23, 59, 60], we further discuss the related shape628

quantum phase transition. In this paper, we have drawn some629

new conclusions. First, the new spherical-like γ-softness is630

a shape phase, which is very different from previous O(6)-631

softness as a critical point. Then, we find the double quan-632

tum phase transitions along a single parameter path. We con-633

firm that there is indeed a shape phase transition from the new634

spherical-like γ-soft phase to the prolate shape, and we find635

some experimental evidences that 108Pd may be a critical nu-636

cleus, which will be studied in detail later. In next paper [70],637

the scope of the new γ-soft region in the SU3-IBM for finite-638

N will be given and the oblate side is also discussed.639
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